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Abstract

Analytic and numerical methods were used to visualise the one dimensional quantum scattering of a particle
against a potential barrier. The analytic solution proved very limiting. The numerical solution has showed some
astoundingly illustrative results for barriers, wells and an oscillator, which are all included. Furthermore, a
hypothesis of conservation of a Gaussian is proposed for a particle in an infinite potential well, with evidence to
support

1. Introduction

The time dependant Schrddinger equation in N-dimensional Euclidean space AN jst?
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The Hamiltonian H for the special case of a particle moving in a fixed potential V (X) is defined as
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Given an initial condition Y (X,to) , the formal solution to equation (1) is given by
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We attempt to formulate a method which enables us to use a computer to visualize the time dependant solutions
to equation (3) for a discontinuousV (X).

2. Fourier Analysis®

We first shall consider the case of a plane wave for which an analytic solution exists".

An un-normalised quantum wave )/, (X,t) is incident upon a step potential V (X) at X,, such that:
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Incident wave

Figure 1.1 Plane Wave Incident on a Step

We state the general solution for a stationary plane wave to be

Yi(xt) =€ @)
and the potential in the range - ¥ <X<+¥ to be
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It follows from equation (5) that k is a function of the potential.

When the incident wave approaches the boundary, it is partially reflected and partially transmitted. Therefore,
there are three waves to consider, the incident, A, the reflected, B, and the transmitted, C.
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Figure 1.2 Incident wave A, reflected wave B and transmitted wave C
So we can say that the wave functions for each side of the step are:
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where k(is a function of K.

We also state that J/  (X,t) and ﬂ%/ K must be continuous across the boundary X, - Using these conditions and
equation (1), we attain the linear system
A +B =Cy
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The solution of which renders
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For a single plane wave, A, can be set to 1.

By substitution of equation (6) into equation (1), we can derive values for Kand K¢,

K = 4 2m(E - Vx<xv)
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To evaluate K{(K), we solve equations (10) and (11) as a linear system and by elimination of E,
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The above was implemented in Maple, with all constants setto 1, X, =0, V,, =0 and V,,, =100 which we

will now refer to as V . As such the quantity k? is analogous to the energy of the incident wave.

The following plots where then made for A{y K (X)}

k=8 k=10 k=11
Figure 1.3 Plane Waves Incident on a Step Potential

Figure 3 shows the expected behavior. Notice the attenuation when k? <V, the point of inflection at k?=V,

and the oscillation when k? >V .
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If we multiply the wave function (6) by a time dependant phase shift € " where w, =—"° k?,
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we can animate the above to demonstrate the effect of the linear superposition of the incident and reflected
waves. Individual frames for K =11 are shown in Figure 4.

t=0 t=1 t=2
Figure 1.4 k=11 Plane Wave at Different Times

The interference effect is clear. At time t =1, we can see the incident wave has been diminished significantly by
the reflected wave. At time t = 2, the system is in anti-phase of the state at t = 0.



The above method can now be extended to a Gaussian wave packet incident on a step by use of an inverse
Fourier transform.

We define the initial condition of the system to be
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To obtain an expression for the motion of a wave packet incident on a step, we can make a linear superposition
of the incident wave functions (13). As B, (A ) and C, (A,), only A, need be determined. We represent

Y . (X,0) as a Fourier transformation.

Y(x0)= - Ae¥dk
] - _¥A(e (15)

It follows that

A = i © Y (x0) (16)
and
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Finally, we integrate equation (13) over all K to give us our final wave function for the packet.
¥
Y, (xt)= ¥yk(x,t)dk (18)

Unfortunately, there is no analytic solution to equation (18).
2.1 Maple Implementation”

The method described in section 2 was implemented using the Maple 9 symbolic algebra platform. It was chosen
for its abilities to handle complex integrals numerically.

However, the results proved disappointing, and the Fourier method described in section 2 is both
computationally expensive and limited in its use to the problem of discrete steps alone.

3. The Richardson Numerical Method

An alternative method for calculating quantum scatter computationally was devised by John L. Richardson and is
published in his 1990 paper Visualizing quantum scattering on the CM-2 supercomputer’.

It is different from other numerical methods as it has been designed to have a low execution time, and also
preserves the unitarity of the wave function.

To find numerical solutions to equation (1), we start by separating the Hamiltonian into its two constituent
operators

H=PAnA (19)

And then we define our time stepping operator to be
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On a uniform lattice of spacing a with site index N, a second order approximation of the Laplacian gives us
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If we represent the )/ on the lattice, we can define the operatorTQ‘as a matrix
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We can split matrix (22) into the sum of two matrices, 'Aeven and f(‘)dd .
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Both f‘evm and ﬂdd .are direct sums of the 2 x 2 matrix

S
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The exponential of a matrix is defined as a Taylor series
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and the matrix 1 1 has a remarkable property, such that

1 -1 L1 -1
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Using equation (25), the series (26) and the identity (27), the matrix M can be factored out of the series and
hence out of the exponent.
Dt & - ma? 11+e’® 1-e'* a b
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where €=

This allows us to greatly simplify the exponents of the operation matrices (23) and (24). We can also test the
unitarity of expression (28) and we find that the wave function is conserved.

The evaluation of the exponentiated forms of (23) and (24) is now simply a matrix multiplication of Y , making
this an extremely efficient algorithm.

3.1 MATLAB Implementation®

As this is a numerical process, MATLAB was chosen for its efficiency in handling floating point numbers and
excellent plotting functionality.

To conserve space, the MATLAB code is not included here, however it is downloadable complete with
instructions from the MATLAB Central File Exchange at http://www.mathworks.com.




4.0 Simulation of Quantum Diffusion

In order to test the robustness of the algorithm, a wave packet is propagated in free space. We will also
introduce our data presentation methods.

Figure 4.0.1 is a time strip and shows the state of the system at various values of t. The times are chosen
specifically to show the most useful information about the process undergone. The green line represents A (Y ),

the blue line represents |Y| and the red line the potential V (X) . Notice that in this particular case, the red line
is flat.
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Figure 4.0.1 Quantum Diffusion Strip
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As can be seen from figure 4.0.1, the wave packet diffuses as time passes. Representing the exact
displacement of the patrticle is difficult, and this is addressed later in Figure 4.0.2.

The wave packet and potential parameters were arbitrarily chosen to best demonstrate the effects under
examination. It would be perfectly valid to use scientifically accurate values, although it would be far more
difficult to observe the effects on the computer. For continuity, the wave packet chosen here is the same as that
used for every subsequent test. Finally, a lattice of 200 points was used as this offered the best compromise of
efficiency and accuracy. Any loss in accuracy due to the finite number of available lattice points will be shown to
be insignificant in the forthcoming tests.



. 2 . . " . . 2. .
Figure 4.0.2 represents |Y| as a function of lattice position and time. The amplitude |Y| is encoded in the
warmth of colour. Warmer colours (that is, those closer to the red end of the spectrum) indicate a higher value of
|Y| . Time is represented on the lateral axis and lattice position (space) is on the longitudinal axis. The potential

is never represented on these diagrams. To see the potential, refer to the strips. The space-time displacement of
the particle is referred to as the probability world line.

Figure 4.0.2 Quantum Diffusion Probability Spacetime Diagram

The particle starts from its original position of 60 on the lattice and can be seen to propagate ‘right’ (up the
page). One of the requirements of our algorithm was to incorporate periodic boundary conditions. Notice this
clearly as the particle exits the far right of the system (at lattice point 200), and seamlessly re-enters at the left
(lattice point 0, see figure 4.0.1 reference). Notice also that the angle of the world lines is constant, implying that
the wave packet has a constant velocity.

Figure 4.0.3 Quantum Diffusion Three Dimensional Spacetime Diagram



Finally, figure 4.0.3 is a 3-dimensional representation of the same information contained in figure 4.0.2. They are
equivalent with the exception of the viewpoint. These views will become more important as sometimes they allow
us to view our data with different perspectives and one may show a particular phenomena clearly where the
other may not. The diagrams will be presented in whichever order is most convenient. Each diagram is included
even when not strictly necessary, to allow the reader to pass judgement.

4.1 Simulation of a Gaussian Wave Packet Incident on a Square Potential Barrier

The simplest case examinable is a Gaussian wave packet incident on a square potential barrier. The positive
value of the potential implies that the particle’s preferred position is inside the potential.
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Figure 4.1.1 Square Potential Barrier Strip

As can be seen in figure 4.1.1, the potential barrier causes a splitting of the wave packet, as we had predicted by
Fourier analysis in section 2. Notice the latent probability density inside the potential itself. Here the wave
function has a lower frequency and takes some time to tunnel out. In the animation, the incident wave packet
appears to bunch up and “spring” off the barrier.

Figure 4.1.2 Square Potential Barrier Spacetime Diagram

As the collision occurs, the probability density distribution can be clearly seen to split, and the resultant packets
propagate in opposite directions. The horizontal lines before the barrier show the “spring” effect mentioned
earlier. In fact this is not a spring at all, and is instead the interference of our incident and reflected wave
packets, once again as predicted in section 2. Notice also that the angles of the world lines to the barrier is
constant through the collision, implying that the speed of the resultant wave packets is identical to that of the



incident. On even closer inspection, notice that the world lines of the incident and transmitted waves do not
precisely line up, implying that inside the potential, the wave packet travelled slower.

Figure 4.1.3 Square Potential Barrier 3D Spacetime Diagram

Finally, notice the smoothness of the peaks in figure 4.1.3. Figure 4.1.3, and the strip figure 4.1.1, indicates that
our continuity conditions at a square barrier (as discussed in section 2) hold for the new algorithm.



4.2 Simulation of a Gaussian Wave Packet Incident on a Negative Potential Barrier

Unlike the positive potential explored in section 4.1, a negative potential has a repulsive effect. Therefore the
particle’s preferred position is in free space (outside the potential).
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Figure 4.2.1 Negative Potential Barrier Strip

Figure 4.2.1 shows some similarities with 4.1.1 for a square positive barrier. Specific differences to note is that
during the collision, the wave function inside the well has a higher frequency than the surrounding space, and
appears 2noisy®. Obviously, there is no noise at all. Whereas the wave function appeared to be latent inside the
potential in 4.1.1, in this situation it is very quick to exit.

Figure 4.2.2 Potential Well Spacetime Diagram

In figure 4.2.2 we can see that once again the speed of the packet appears conserved throughout the collision.
The same interference effect as before is demonstrated. The region between the points 100 and 120 on the
lattice is the position of the potential. The high frequency oscillations are also apparent here. It is unclear as to
whether or not the potential caused a delay in the subsequent transmission or reflection of the particle.



Figure 4.2.3 Negative Potential Barrier 3D Spacetime Diagram

The 3D plot is of little further use other than to illustrate the data more clearly.



4.3 Simulation of a Gaussian Wave Packet in a Simple Harmonic Oscillator Potential

A further interesting example of a potential well is the simple harmonic oscillator potential.
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Figure 4.3.1 Simple Harmonic Oscillator Strip

Although not visible on the strip, the particle accelerates from the left hand side and decelerates as it
approaches the right. When the particle is travelling slower, the particle’s position becomes more sharply
defined. At t=600dt, the particle has returned and is travelling in the opposite direction. It should be pointed out
that the potential is periodic and does not stretch off to infinity at the top of the diagram, but merely comes down
on the opposing side. This makes it remotely possible for the particle to tunnel to the other side, and as such
accounts for the interference seen at t=600dt, which shows the sum of the returning probability density and the
tunnelled probability density.

Figure 4.3.2 Simple Harmonic Oscillator Spacetime Diagram

Figure 4.3.2 shows an excellent sine wave. As time progresses and the number of sequential oscillations
increases, the curve becomes more diffuse and the tunnelling effects mentioned previously add up. It should be
pointed out that the curve is not time-reversible, i.e. the probability peaks do not occur precisely at the extrema
of the displacement, and this again is due to the fact this is not a real simple harmonic oscillator, but is a periodic
potential, and the particle comes within close proximity of the boundaries.



Figure 4.3.3 Simple Harmonic Oscillator 3D Spacetime Plot

The 3D diagram allows us to see the tunnelling effect mentioned earlier more clearly. As the first signs of
interference can be seen at the point exactly upon the axis of oscillation (i.e. the bottom of the potential), our

tunnelling hypothesis is confirmed.



4.4 Simulation of a Gaussian Wave Packet in an Infinite Square Well

As the simulation is carried out numerically, evaluation of true infinity is difficult. Instead, we substitute a number
so far in extreme of any other calculation performed by the system that we can assume it equivalent to infinity.

To test this, we plot show the spacetime diagrams for a collision against an infinite square wall.

Figure 4.4.0 Floating Point Infinity Test Results (Infinite Wall)

The figure 4.4.0 demonstrates that a huge finite potential generates a fully effective infinite square well potential.
Specifically, there are no signs of tunnelling.

We proceed to a more interesting effect, shown below.



We have made our infinite square well relatively narrow compared to the lattice. This allows the effect to be
demonstrated in less time steps and with fewer computational resources.
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Figure 4.4.1 Infinite Square Well Potential Strip

Figure 4.4.1 demonstrates the effect of the well. By t=2000dt, the wave packet is a mess. The animation appears
aesthetically like a liquid sloshing in a box. Unlike a liquid however, the kinetic energy is not lost. It is the subject
of a later test to examine exactly what the equilibrium position in the long time limit of the system is (see section
4.4.1)

Figure 4.4.2 Infinite Square Well 3D Spacetime Diagram

The space time diagram shows the particle’s probability distribution diffusing and speading further and further as
time passes. As time passes, the packet diffuses and the position becomes less well defined. Eventually,
interference effects rise in significance and appear to take over.



Figure 4.4.3 Infinite Square Well Spacetime Diagram

Figure 4.4.3 reveals much more information. The particle diffuses as time passes (as demonstrated in previous
example of no potential; see figure 4.0.2), and with each subsequent reflection the interference effect rises. The
pattern of interference lines appears to curve in the spacetime place. Each interference peak is initially
orientated perpendicular to the space axis, as expected. Unexpectedly, as time passes, they appear to be
orientating themselves perpendicular to the time axis.

4.4.1 Reversal Hypothesis

Based on the spacetime plot of a particle in an infinite square well, we hypothesise that this curvature becomes
more significant as time passes, until it reaches a point of inflection at 90 degrees to the time axis, where the
process is then reversed.

In order for this hypothesis to be true, the time slice plot must be symmetrical about the point of inflection.

4.4.2 Testing the Reversal Hypothesis

In order to test the aforementioned hypothesis, the system was configured to calculate over a long period of time
(20,000 iterations). The first 16,000 of these are particularly relevant (shown).



Figure 4.4.2 Infinite Square Well For Long Periods- Reversal Hypothesis Test 3D Spacetime Diagram

It is clear from the 3D plot that rich and detailed pattern has evolved. It is also clear that there is some symmetry
about the centre, in accordance with the reversal hypothesis

Figure 4.4.3 Infinite Square Well For Long Periods- Reversal Hypothesis Test Spacetime Diagram



In the time steps 0 to 1000, the particle can be clearly seen to propagate and bounce between the two barriers,
after which the interference effects dominate and pattern emerges which is symmetric about the centre of the
lattice. Normal modes of increasing amplitude and decreasing wavenumber can be seen (ignoring edge peaks)
at t=5100dt (2 peaks) and t=7900dt (1 peak). Of incredible significance is that the pattern generated is also
symmetric about t=7900dt, and very remarkably, the system then begins to return to its original state, and at
t=15000dt, our original wave packet is returned to us.

4.4.3 Analysis

It is beyond the scope of this project to complete a full analysis of Figure 4.4.3. However, we can easily make
some qualitative assessments relating to the physics involved. The Gaussian wave packet can be thought of as
a superposition of plane waves, the amplitude and wavenumbers of which are defined by the Fourier transform,
discussed in section 2. As time progresses, it is thought that the phase relationship between successive Fourier
modes shifts. The point of furthest phase difference is then thought to occur at the central point of the pattern
(about t=7900dt). After this point, the Fourier modes continue to shift phase until they are finally reach their
original phase relation, and a Gaussian wavepacket is reformed.

5. Conclusions

The challenge of producing a program to visualise quantum scatter on square potential battier was fully met.
Two methods were explored for the simulation of quantum scattering. The Richardson method was found to be
very successful, and a MATLAB implementation of it allowed us to not only simulate the required square
potential barrier, but also several others, including negative potentials, wells and an oscillator. Furthermore, the
reversal hypothesis adds new interest to a simple problem.

5.1 Evaluation and Improvements

The program successfully fulfilled the requirements of the project, and so has met all evaluation criteria.
Suggested improvements for the future include taking advantage of the vector processing nature of the
Richardson algorithm as apposed to the iterative approach implemented, the inclusion of which would
significantly increase performance and scalability, and would allow us to consider extending the problem to
several dimensions.
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